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Abstract
The Cardy-Verlinde formula is analyzed in the contest of the gravita-
tional collapse. Starting from the holographic principle, we show how the
equations for a homogeneous and isotropic gravitational collapse describe
the formation of the black hole entropy. Some comments on the role of
the entangled entropy and the connection with the c-theorem are made.
1 Introduction
In 1986 J. Cardy showed [1], using modular invariance, that entropy of a 1+1
dimensional CFT is given by the expression
S = 2π
√
c
6
(
L0 − c
24
)
. (1)
where L0 = ER and the term
c
24 is the shift of energy due to the Casimir energy.
Aiming to extend this result to any dimension, Verlinde [2] noticed, by using
the holographic principle and the ADS/CFT correspondence, that there is a
striking similarity between the Cardy formula for entropy and the first of the
FLRW equations
H2 =
16πG
n(n− 1)
E
V
− 1
R2
(2)
H˙ = − 8πG
n− 1
(
E
V
+ p
)
+
1
R2
(3)
of an (n + 1) dimensional closed universe, where R is the factor expansion of
the universe, H = R˙/R is the Hubble constant and the mass-energy density is
expressed by the ratio between energy and volume E/V .
The correspondence between equations (1) and (2) is found after making the
following identifications
2πL0 ⇒ 2π
n
ER (4)
1
2π
c
12
⇒ (n− 1) V
4GR
(5)
S ⇒ (n− 1)HV
4G
, (6)
this relation indicates the existence of a general duality between quantum field
theories and classical spacetime geometries at any dimension D = n+ 1.
Cardy’s formula received considerable attention, because, as showed in [3]
and in [4] an external observer finds out that the near-horizon region of a black
hole is two dimensional and is conformal invariant, i.e. it is described by a
rational CFT2. It has been remarked by Carlip [5], that for this reason Cardy’s
formula gives a clue for counting the statistical states that produce the macro-
scopic area law for the entropy.
Equations (2) and (3) describe also the gravitational collapse of a homoge-
neous spherically symmetric star [6], in other words it describes a black hole
formation, this fact suggests a close correlation between the physics of black
holes and conformal field theory.
In the scheme proposed by Verlinde, equation (3) corresponds to the Euler
equation with the contribution of a non extensive energy term like the Casimir
energy
EC = (E + pV − TS). (7)
Indeed, after making the follow identification
TH = − H˙
2πH
(8)
equation (3) can be read as
EBH = (E + pV − THSH) (9)
and EBH is the value of energy when SB = SBH . So that in cosmology the
Bekenstein-Hawking energy plays the roˆle of the Casimir energy. The entropy
bounds imply a lower bound T ≥ TH for temperature [2].
In our previous work [7] we discussed the properties of a BTZ black hole
in ADS3 in terms of an effective unitary CFT2 with a central charge c = 1
realized in terms of the Fubini-Veneziano vertex operators. In this paper we
deepen the study of the relationship between black hole and conformal theories
by analyzing the evolution of the entropy of a homogeneous perfect fluid in
a gravitational collapse according to the holographic principle and the Cardy-
Verlinde equation. A statement of the holographic principle claims that the
entropy in a region cannot be larger than the Bekenstein-Hawking area entropy
of a black hole covering that region. So, as the collapse generates entropy, the
holographic bound can be saturated only at its end.
Based on the principles set out and simple considerations one can show that
the properties of a gravitational collapse are not simply the result of evolution
described by the equations (2) and (3), but there are thorough physical impli-
cations. First of all because the particles are submitted to a strong acceleration
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reaching approximately the speed of light, so that they can be considered as a
fluid of radiation with equation of state to p = ρ/n (in an n + 1 spacetime) as
their masses can be now neglected. Moreover the entropy can grow monotoni-
cally and saturates the holographic limit only if the equation of state of the fluid
takes the form p = ρ. This fact suggests that the fluid undergoes an additional
phase transition when the gravitational interaction becomes important.
In section 2 we review the gravitational collapse of a homogeneous star in
relation with the Cardy–Verlinde equation, which shows how the total entropy
of the star, the Hubble entropy, is the sum of two terms in which the first term
is identified with the Bekenstein-Hawking area entropy and the second term
in which the central charge of the underlying Conformal Field Theory (CFT)
is simply proportional to the spatial curvature k/R2 . In section 3 we prove
that after the formation of a black hole, there is a continuous formation of
concentrical inner black holes. The horizon of each of these black holes grows
to coincide with the most external one once all the matter has fallen inside
it. According to the extended second principle of thermodynamics and the
Cardy-Verlinde equation this leads to an continuous increase of entropy, and
Bekenstein-Hawking bound is saturated, when the collapse ends (or should we
say that the collapse ends when the bound is saturated?). In section 4 this
result is used to show that this process is equivalent to the evolution of the the
generic equation P = (γ − 1)ρ which brings us inevitably to P = ρ.
We note that the results of the preceding paragraphs can be seen as the result
of an underlying process of renormalization group i.e. the evolution equation
of the adiabatic index γ takes the form of a renormalization group equation.
We treated the gravitational collapse in a space with 3 + 1 dimensions, but in
section 5 we show that the results found can be extended to spaces of n + 1
dimensions with n ≥ 3, some dimensional considerations are added. In section
6 we end the paper discussing the results found and draw some conclusions.
2 Gravitational collapse of a homogeneous star
Verlinde’s ansatz generalizing Cardy’s formula (from now on Cardy-Verlinde
formula) lead to various attempts aiming to verify the universality of CFT for
the Black Hole physics and its cosmological cousin. The closed FLRW universe
model had a relevant role in extending to arbitrary dimensions the formula
for entropy because two of the three terms in equation (2) are proportional
respectively to the Bekenstein, Bekenstein and Hawking entropy bounds, so
one can assume that the Hubble term is proportional to the total entropy of
the system, but this model describes the spherically symmetric gravitational
collapse of a homogeneous star too. Indeed from the equations [6]
− 2k − R¨(t)R(t)− 2R˙2(t) = −4πG̺(0)R−1(t) (10)
and
R¨(t)R(t) = −4πG
3
̺(0)R−1(t) (11)
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we can derive the constraint equation
R˙2(t) = −k + 8πG
3
̺(0)R−1(t). (12)
which coincides with equation (2) in 3+1 dimensions. (the entropy equation is
independent from the equation of state of the material source). Here we are
considering a model with dust P = 0. But realistically one should expect a
change of equation of state of the initial dust fluid because during the collapse
the particles forming the boundary of star are accelerated to v ≃ c. In other
words when the particles approach the horizon they have p >> m0, i.e. the
fields become ”massless”, so to be described by a conformally invariant field
theory.
Let us study the ”evolution” of entropy during in the collapse according to
the holographic principle.
Eq. (12) is derived from the Cardy-Verlinde formula. By slightly modifying
the substitutions in (4), (5) (6) into
2πL0 ⇒ 2π
n
√
k
ER
ℓ2p
≡ SB√
k
(13)
2π
c
12
⇒ (n− 1)
√
kV
4GRℓ2p
≡ (n− 1)
√
kSBH (14)
S ⇒ (n− 1) HV
4Gℓ2p
≡ (n− 1)SH (15)
where ℓp = (~G/c
3)1/2 is the Planck length. The relation
RS =
2GM
c2
=
2G
c2
4π̺
3
R3 =
8πG
3c4
E
V
R3 (16)
is obtained from the definition of Schwarzschild radius and by multiplying and
dividing it by the volume V and will be useful in the following. We find
V
4GR
=
1
c4
R
RS
2π
3
ER (17)
Through this expression we find a relation between SB given by Bekenstein
(which differs of a factor 2 from the one used by Verlinde) and SBH (using units
c = 1)
SBH =
(
R
RS
)
SB (18)
i.e. both the entropy limits coincide when the radius of the collapsing sphere
coincides the Schwarzschild radius. This means that the collapsing system is in
the weakly gravitating regime when
R
RS
> 1 (19)
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and it is in a strongly gravitating regime when
R
RS
< 1. (20)
By applying the substitutions (13), (14) and (15) to the original Cardy-Verlinde
formula and the definitions of entropy, we find
4S2H +
(
SB√
k
− 2
√
kSBH
)2
=
S2B
k
(21)
These relation reduce to the following form
S2H = SBH (SB − kSBH) (22)
where it is easy to prove that k, the curvature constant, is k = RS/R0. Then
by using equation (18), we find the following expression for entropy,
S2H = SBH
(
SB − SB R
R0
)
(23)
At the initial time t = 0, when R(t)/R0 = 1 so R(t)/R0 < 1 for t > 0,
SH = 0 (24)
for subsequent times, it can be expressed in terms of, say, SBH ,
SH(R) = SBH(R)
√
RS
(
1
R
− 1
R0
)
. (25)
and when R = RS
SH(RS) = SBH(RS)
√
1− RS
R0
. (26)
This means that the Hubble entropy limit does not reach the Bekenstein-Hawking
black hole entropy at the black hole formation. It seems somewhat contradictory
to the previous statements, but in the next sections we prove that saturation
is achieved only at the end of the collapse, when the classical singularity is
“covered” by “quantum effects” see e.g.[8][9].
3 The gravitational collapse and the Cardy-Verlinde
equation
In this section we show how the collapsing matter saturates the area bound at
the end of the gravitational collapse in a way consistent with the holographic
principle by applying equation (26). To this aim we consider the initial spherical
collapsing body with a homogeneous initial density ρ0 and initial radius R0
so that its mass is M = 4πρ0R0
3/3. Let us consider an infinite sequence of
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concentric spheres of this body, labeled by an index (n), with initial radius R
(n)
0
and with mass M = 4πρ0R
(n)
0
3/3.
After the whole mass has formed the event horizon, the collapse continues
under the Schwarzschild horizon by increasing the density ρ, and, by the relation
between the Schwarzshild radius and the density at the time of the black hole
formation (see [10] [11]))
M2 ∝ R2S =
3c2
8πG
1
ρ
, (27)
a smaller black hole with mass M (1) forms when the density takes the value
ρ(1) =
3c6
32πG3M (1)
2 (28)
and, by equation (26), with entropy
SH(R
(1)
S ) = SBH(R
(1)
S )
√√√√1− R(1)S
R
(1)
0
(29)
afterwards the black hole (1) is accreted by the residual matter its horizon grows
to the Schwarzschild radius RS ,and finally the entropy of the total black hole
with mass M grows up to the value
SH(RS) ≥ SBH(RS)
√√√√1− R(1)S
R
(1)
0
(30)
this process is iterated until the singularity forms. At any increment of n the
final entropy grows. Indeed the ratio
R
(n)
S
R
(n)
0
=
(
ρ0
ρ(n)
)1/3
(31)
where ρ0 is the density of the spherical body at the starting time of the collapse.
Finally, taking the limit n→∞ the density ρ(n) →∞ and
SH(RS) = lim
n→∞
SBH(RS)
√
1−
(
ρ0
ρ(n)
)1/3
= SBH(RS) (32)
i.e. the Hubble entropy reaches the value of the area entropy.
For sake of clearness this process has been described as a discrete process,
but it can be thought as continuous. In conclusion we have shown that as a
consequence of the holographic principle and of the Cardy-Verlinde equation the
Hubble entropy SH(RS) coincides with the Bekenstein-Hawking entropy SBH ,
then there is a connection between the entropy seen by an external observer and
the entropy formed inside a black hole.
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We stress that the construction introduced here recalls the one used by [12] in
association with a renormalization group equation. Actually, in the next section
we prove that the saturation of the holographic bound follows from the evolution
of the equation of state described by a renormalization group equation. Our
aim is to show that these results have very far reaching consequences. In such a
context we wish to analyze briefly the relation between entropy, c-heorem and
entanglement. Let us start with a brief analysis of the c-theorem in 2d CFT2 by
stressing its relation with the black hole entropy and to the generalized second
principle of thermodynamics.
In references [13] [14] [15] the c-theorem in CFT2 was shown to hold. Its
formulation of interest here is the following:
For any QFT in two euclidean dimensions there is a dimensionless universal
function of the distance c(R), where R = x21+x
2
2, which is non increasing under
dilatations xi → λxi and takes a finite value proportional to the central charge
c at the fixed point. The original proof requires that the energy-momentum
tensor Tij has to be unitary. It should be noticed that in the proof given in
[14][15] the relation of the c-function with the entanglement entropy (and the
information theory) is made explicit.
We stress that the relation between the renormalization group, the c-theorem,
the entanglement entropy and the generalized second principle of thermodynam-
ics is quite explicit in the case of the black hole collapse considered here and
in a previous work on ADS3[7][20]. Naturally some points need to be further
clarified, but once again the ”imprinting” of QFT near the IR critical point (i.e.
CFT) seems to be robust at least for any even dimensions n.
4 Phase transitions inside a black hole
According to the holographic principle the maximal entropy in a region (for a
strongly gravitating system) is given by the area entropy of a black hole con-
tained in such a region. In the previous section we have seen how the application
of the holographic principle implies that the entropy of the collapsing matter
saturates this entropy bound. This result has an interesting consequence on the
behavior of the collapsing matter.
As equation (22) is obtained by multiplying both sides of equation (12) by
3V 2
16πGR2ℓ4p
(33)
it can be written also as
S2H ≡
3V 2H2(t)
16πGℓ4p
= − 3kV
2
16πGR2ℓ4p
+
̺V 2
2ℓ4p
. (34)
and if P = 0 the right-hand side of the equation goes to zero for V → 0, leading
to an inconsitency with the results found in the last section.
It follows that the equation of state of the fluid has to change during the
collapse.
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It is well-known that equations (11) and (12) imply the conservation equation
ρ˙ = −3 R˙
R
(ρ+ P ) . (35)
This equation implies a general relation between P and ρ [16],
P =
(
−1
3
R
ρ
dρ
dR
− 1
)
ρ (36)
with
γ = −1
3
R
ρ
dρ
dR
(37)
function of ρ or of R.
γ is the adiabatic index given by the ratio of enthalpy and internal energy
and therefore by the ratio betweem The heat capacities at constant pressure Cp
and constant volume CV
γ =
CP
CV
(38)
To interpret γ − 1 we write the perfect gas equation of state in the form
P = ρmRT (39)
where R is a the gas constant, T the temperature and ρm is the mass density,
so that
C =
√
RT (40)
is the characteristic thermal speed of the ”molecules”. Then
γ − 1 = ρmC
2
ρmc2
=
C2
c2
(41)
gives the rate between the square of the thermal speed and the square of the
light speed.
If γ = const., C coincides with the speed of sound
c2s
c2
=
dP
dρ
(42)
and γ can admit only values running from 1 to 2 so that the speed of sound is
real and less or equal than the speed of light c.
In general the speed of sound may change satisfying the equation
c2s
c2
=
dP
dρ
= ρ
dγ
dρ
+ γ(ρ)− 1 (43)
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or if we take γ = γ(R)1
c2s
c2
=
dP
dρ
= −1
3
R
γ
dγ
dR
+ γ(R)− 1 (44)
Both equations (43) and (44) take the form of renormalization group equa-
tions for the adiabatic index during the gravitational collapse.
From a qualitative point of view the constituents of the fluid accelerate and
when their velocities approach the speed of light, their rest mass energy can be
neglected with respect to their kinetic energy. At this stage the fluid behaves
as radiation with γ = 4/3. But a further increase to γ = 2 such that
P = ρ (45)
is still possible when the gravitational attraction becomes important in the
interactions internal to the fluid. In this case the energy density scales as
ρ = AR−6 (46)
where
A = 18G
4M4
c8
(47)
is a constant with dimension of a mass times a volume fixed requiring that, when
R → 0, , is saturated by the Hubble entropy SH is equal to the Bekenstein–
Hawking area law according to eq.(34).
Stiff matter properties have been widely studied. In [17] [18] it has been
proved that in any FLRW with a homogeneous fluid and equation of state p = ρ
the entropy contained within a sphere of radius equal to the particle horizon
scales with area of the sphere.
Considering a self-gravitating fluid with a central black hole [8] and when
the Hawking radiation produced by a black hole is treated as a self-screening
atmosphere [9], it was proved that the ratio between the entropy S and the area
Σ is for any equation of state P = (γ − 1)ρ
S
Σ
=
γ
7 γ − 6 (48)
it comes out that the stiff matter equation of state has the interesting property
that i.e. this ratio is equal to 1/4 when γ = 2.
1Equation (44) is a Bernoulli equation and can be easily solved by assigning an evolution
for c2s, its solution is
γ(R) =
exp
(
−3
∫
R
R0
dR′F (R′)/R′
)
−3
∫
R
R0
1/R′ exp
(
−3
∫
R′
R0
dR′′F (R′′)/R′′
)
dR′
where F (R) = c2s(R) + 1.
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The equation of state P = ρ has been also deduced in [19] for a fluid of
black holes. In [8] [9] and [18] the statistical mechanics of the P = (γ − 1)ρ was
studied, and the temperature scaling of entropy and energy densities is
s ∼ T 1γ−1 (49)
and
ρ ∼ T γγ−1 (50)
It follows that the thermodynamics a stiff matter fluid corresponds to the ther-
modynamics of a conformal theory in 1 + 1 dimensions
s ∼ T (51)
and
ρ ∼ T 2. (52)
An example of stiff matter is given by a non elementary scalar field φ when
its potential V (φ) goes to zero. The components of the scalar field energy-
momentum tensor, interpreted as the components of an fluid energy momentum
tensor are
ρ =
1
2
φ˙2 + V (φ) (53)
and
p =
1
2
φ˙2 − V (φ) (54)
where φ = φ(t) When V (φ) = 0, we have P = ρ equation of state. .The
conservation equation corresponds to the Klein-Gordon equation,
φ¨+ 3Hφ˙+ V ′(φ) = 0. (55)
It is possible to show that to any given an equation of state it corresponds
a family of potentials V (φ) [16]. For the potential
V (φ) =
2− γ
8
B
(
exp(−√αφ)− 2D +D2 exp(√αφ)) . (56)
with a constant γ is equivalent to he equation of state is p = (γ − 1)ρ, between
(53) and (54), where B and D are arbitrary constants and α = 24πGγ (see
ref. [16] for details). From equations (55) and (56), it follows that the relation
between ρ and φ is
φ =
1√
α
ln
[
2ρ
B
+D + 2
√
ρ2
B2
+
Dρ
B
]
− 2√
α
lnD. (57)
The potential vanishes when γ → 2, which corresponds to a sort of asymptotic
freedom between the elementary constituents of the fluid.
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5 Some dimensional considerations
So far we have considered the usual gravitational collapse in 3 + 1 dimensions,
but it is easy to show that all the results obtained in the previous sections can
be directly extended to any n+ 1 spacetime with eq. (2)
H2 =
16πG
n(n− 1)
E
V
− k
R2
(58)
and the conservation equation
ρ˙+ n
R˙
R
(ρ+ P ) = 0 (59)
where ρ and P are the mass-energy density and the pressure for a fluid in n+1
dimensions with energy-momentum tensor
Tab = Diag(ρ,−P, ....,−P︸ ︷︷ ︸
n times
) (60)
and we note that imposing the trace of the energy-momentum tensor for radia-
tion i equal to zero implies that
P =
1
n
ρ. (61)
From (59) it follows that when P = ρ,
ρ ∝ 1
R2n
(62)
i.e. the energy density scales as the square of a spatial volume, so that, according
to the correspondences introduced by Verlinde’s (see eqs. (4) (5), (6) and (33)),
in any dimension the entropy goes to a finite value at the end of the collapse
saturating the Bekenstein-Hawking bound.
Let us remark that for n = 1 in equation (61), the null trace condition for
radiation coincides with the equation of state P = ρ, from which we can derive
all the thermodynamical properties of radiation in a 1 + 1 spacetime. It is
interesting to note that this condition and equation (59) imply in 1 + 1 that
ρ ∝ 1
R2
(63)
which for n ≥ 3 is the relation between ρ and the Schwarzschild radius given by
eq.(27), indeed in [19] it was shown that at any dimension the number density
N ∼ Rns (64)
combined with the relation for the mass M ∼ Rn−2s gives eq.(27) for any n.
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6 Discussion and conclusions
Verlinde’s generalization of the Cardy formula to dimensions higher than two
is based on the Friedmann equations for a closed universe. In this paper we
point out that the reason why this extension works is that these equations are
related to the black hole formation as they describe the gravitational collapse
of a homogeneous spherical star.
Consistently with the holographic principle the area entropy is saturated only
at the end of the collapse, i.e. when the classical singularity forms. According to
equation (34), the entropy of collapsing fluid is equal to the Bekenstein-Hawking
entropy only if the final equation of state is P = ρ (for all the other equations
of state it goes to zero with the volume). It follows that at the last stages of the
collapse the thermodynamical properties of the fluid are described by a CFT2.
This result is in agreement with the results found in literature [9][17][18][19].
We showed that the analysis in section 3, can be extended to any dimension n,
this implies that the quantum processes at very high densities can be treated
with the methods of conformal field theory at any dimension. We found that
the quantum effects implicit in eq. (1) (and exact in 2D) ”cover” the classical
singularity, because the generation of an infinite sequence of internal concentrical
black holes lead to a production of Hawking radiation at an increasing rate so
that the collapse is accompanied by a phase transition (of quantum origin) of
matter into radiation.
In the papers of Zurek and Page, and ’t Hooft a generalization of the Tolman-
Oppenheimer-Volkoff equation was considered for a self gravitating fluid com-
posed by the Hawking particles containing a central black hole. The radiation
”feels” a negative point mass at r = 0. Here we find a similar configuration
in a dynamical evolution and out of thermodynamic equilibrium. These results
suggest that the equation of state for stiff matter, may have physical meaning
at very high densities and at very high energies, very close to the classical sin-
gularity. On the other side, the sequential formation of smaller horizons during
the collapse introduced in sect. 2, leads to an increasing formation of Hawklng
radiation inside the black hole. So there must be a configuration Hawking
radiation-black hole similar to the one set in [9] except for the fact that here
we do not have thermal equilibrium but a dynamic evolution of this system.
In such a context we notice a quite original similarity with the Quantum Hall
Effect (QHE) [21]. In fact the QHE at Laughlin fillings v = 1/(2p+ 1) can be
described by a CFT2 with central charge c = 1. It has been noted in [21] that
the boundary (Casimir) effect induces the correct electric force of sign opposite
to the repulsive force between electrons. That results on the ”confinement” of
them inside the cylinder (no spilling out!). Naturally the trace anomaly of the
tensor Tµν there is equal to c/6 (as for the gravity) which gives raising to the
Casimir energy and for the Black Hole in ADS3 to the dissipative Hawking ra-
diation [7]. Obviously it deserves a further investigation which we postpone to
forthcoming paper.
For the moment we observe that the presence of Hawking radiation inside
the black hole may be also interpreted as a change of vacuum where all the
12
microphysical processes involved should therefore be described by the quantum
field theories at finite temperature. The microstates of the black hole for P = ρ
have a thermodynamical behavior identical to the one of CFT in two dimensions
(see section 4).
Then the formation and subsequent vanishing, by emission of Hawking ra-
diation, of the Black Hole is a dynamical quantum process. To us it looks very
similar to the renormalization group in QFT. In fact the collapse, classically
would never end (i.e. at the centre of the ”sphere” one finds a ”singularity” but
the quantum fluctuations of the vacuum become stronger and stronger when
the system approaches the singularity. In a pictorial way we can say that the
fluctuations produce small black holes which screen the ”would be” singularity
at the center of the sphere. One would recognize a similarity with the ”atmo-
sphere” introduced in [8][9]. Both pictures remind us also of the methods of
”imaging” used to find the solutions of electromagnetic static potentials.
Finally it must be noticed that also in this work the thermodynamic prop-
erties seem to be a ”dual” description of gravity [22] [23] [24].
In conclusion the use of quantum field theory near the IR point (i.e. CFT)
encompasses all the just presented physical properties of the process giving us
a quite clear link between the c-theorem of CFT in any dimension with the
dissipative system called Black Hole.
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